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Abstract
This paper proposes a test of the null hypothesis of stationarity that is robust
to the presence of fat-tailed errors. The test statistic is a modied version of
the KPSS statistic, in which ranks substitute the original observations. The
rank KPSS statistic has the same limiting distribution as the standard KPSS
statistic under the null and diverges under I(1) alternatives. It features good
power both under thin-tailed and fat-tailed distributions and it turns out to
be a valid alternative to the original KPSS and the recently proposed Index
KPSS (de Jong et al., 2007).
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1. Introduction
In a recent paper de Jong et al. (2007) proposed a test of (level) station-
arity robust to fat tailed processes. Their test is based on the KPSS statistic
of Kwiatkowski et al. (1992) applied to the signs of median-centered obser-
vations, and therefore the existence of moments is not required, while the
asymptotic distribution under the null is the same as that of the KPSS
statistic.
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Preprint submitted to Elsevier July 15, 2009de Jong et al. (2007) base the motivation of their work on the paper
of Amsler and Schmidt (2000), which considers the lack of robustness of
the KPSS test to fat-tailed errors. Indeed, Amsler and Schmidt (2000)
show that, if the series follows a symmetric stable distribution with innite
variance, the KPSS statistic obeys a dierent limit theory.
The Index KPSS (IKPSS), as de Jong et al. (2007) name their statistic,
shows good size in nite samples, but has competitive power, if compared
with the KPSS, only when the tails of the distribution get rather fat (in
their simulation with Student's t with 3 or less degrees of freedom). The
loss of power of the IKPSS test under Gaussian processes is unfortunately
not slight.
In this paper we propose an alternative test for (level) stationarity based
on the KPSS statistic applied to the ranks of the observations in a time
series. We show that under the null, which does not require the existence
of any moment, our Rank KPSS (RKPSS) statistic has the same limiting
distribution as the KPSS, while under the alternative of integration the
statistic diverges and follows a dierent asymptotic theory. The size of
our test is very good in nite samples and the power compares favorably
with respect to the KPSS statistic under all (considered) distributions with
the exception of the Gaussian, under which our test is only marginally less
powerful. We compare our test also with the IKPSS and nd that the power
of the RKPSS is always higher than that of the IKPSS with comparable
behaviour only under the Cauchy distribution.
A further advantage of working with ranks (shared also by the signs of
median-centered data) is that they are invariant to strictly monotone trans-
formations, and, thus, the data analyst does not have to decide whether to
work on raw data or on logarithms, Box-Cox transforms, logit, etc. Fur-
thermore, practitioners working with software packages that carry out the
KPSS test, only need to compute the ranks of their data to be able to use
our RKPSS test.
The plan of the paper is as follows. In Section 2, we provide the asymp-
totic theory for the RKPSS statistic both under the null of short memory
stationarity and under the I(1) alternative. In Section 3, we report the sim-
ulation results. In section 4, our test is applied to the pairwise dierences of
the logarithm of electricity prices recorded in three major European power
exchanges. Finally, Section 5 gives some concluding remarks and directions
for future research. Proofs may be found in the Appendix.
22. Rank KPSS for level stationarity





IfXT;iXT;tg; for t = 1;:::;T; (1)
with IA indicator function of the set A, be the rank of XT;t among
fXT;1;:::;XT;Tg. Notice that the arithmetic mean of the rank sequence
fRT;1;:::;RT;Tg is (T + 1)=2 and does not depend on the data.
The test statistic we propose in this paper is the KPSS applied to the













Notice that the KPSS statistic is invariant to scale transformations, so work-
ing with RT;i=T rather than RT;i turns out to generate the same statistic.
We chose to work on the former form since under stationarity this makes
our partial sum process diverge at the same rate as the analogous quantity
dened in Kwiatkowski et al. (1992, eq. 5).














































with k() symmetric kernel function and 
T bandwidth parameter.
Assumption 1.
31. fXT;1;:::;XT;Tg is a strictly stationary random sequence.
2. fXT;1;:::;XT;Tg is  mixing with mixing parameter (T) = O(T 2).
3. For all i 2 f1;:::;Tg and T 2 N, XT;i has continuous distribution
function F() dened on R.
4. The quantity




E[IfXT;1xgIfXT;kyg   F(x)F(y)] (6)











2. k() is continuous at all but a nite number of points, k(x) = k( x),
jk(x)j < l(x) where l(x) is non-increasing and
R 1





T ! 0 and 
T ! 1 as T ! 1.









for 1  i;j  T.
The following theorem states the asymptotic distribution of the test
statistic under the null of -mixing stationarity.
Theorem 1. Under Assumption 1,
R
T
D   ! 2
Z 1
0
V (r)2 dr; (8)

















V (r)2 dr: (10)
The above theorem states that our RKPSS statistic has the same asymp-
totic distribution as the original KPSS statistic, so both tables and softwares
for carrying out the KPSS test may be used for our test.
Under the alternative that Xt;T is an I(1) process, we have the following
result, that proves the consistency of our test under the most econometrically
relevant alternative.
Theorem 2. Suppose there exists a strictly monotone (Borel) function g :
R 7! R such that T 1=2g(XbrTc;T)
D   ! !W(r), where ! is a strictly positive
































Since the numerator R
T of the RKPSS statistic is of order Op(T) while the
denominator is of order O(
T) with 
T = o(T), the corollary below follows
immediately.
Corollary 1. The RKPSS statistic ^ R
T is consistent against the hypothesis
of Theorem 2.
Notice, that the alternative hypothesis we used in Theorem 2 is
much weaker than the corresponding hypothesis for the KPSS statistic
(Kwiatkowski et al., 1992, Section 4). Indeed, while for the KPSS test,
the process XT;t must be I(1), in the RKPSS case the I(1) process can be
any strictly monotonic transformation of XT;t. Thus, all typical data trans-
formations used in econometrics (Box-Cox, exponential, logit, etc.) change
neither the value of the statistic nor its asymptotic behaviour both under
the null and under the alternative.
The thesis in equation (11) of Theorem 2 suggests that the statistic
R
T =T can be used to test the hypothesis g(XT;t)  I(1) against stationarity.
5Indeed, R
T =T is free of nuisance parameters and converges weakly to a proper
distribution under the null and to the Dirac (point mass) distribution under
the alternative. However, the results of Shin and Schmidt (1992) for the
KPSS statistic used as a unit root test seem to suggest a poor performance
also of our statistic.
3. Simulations
In this section we compare size and power of the KPSS and indicator
KPSS (IKPSS) tests with the rank KPSS (RKPSS) test that we are propos-
ing. de Jong et al. (2007) found that their IKPSS test had good size prop-
erties regardless of the distribution, but performed better than the KPSS in
term of power only for extremely fat-tailed distributions.
For our simulation experiment we reproduce the design of de Jong et
al. (2007). We consider sample sizes ranging from T = 50 to T = 5000 of
Student's t distributed observations. Specically, we generate from normal
(t1), t5, t3, t2 and Cauchy (t1) random variables. Notice that t2 has nite
expectation but innite variance, while for Cauchy neither the mean nor the
variance exist. We also consider the local to nite variance (also local to
nite mean) alternative in which xt = x1;t + T 1=2x2;t, where x1 is normal
and x2 Cauchy. The simulations have been implemented in Ox version 5
by Doornik (2007) using the internal probability package. Our results are
based on 20,000 replications.
As in de Jong et al. (2007) most of our experiments are for the case that
the data (under the null) or the innovations (under the alternative) are i.i.d.
We consider few cases in which they are AR(1) with parameter  = 0:5.
As for the estimation of the long-run variance, we slightly modify the
simulation design of de Jong et al. (2007). As de Jong et al. (2007) for i.i.d.
data we implement the case of no lags (the kernel is the Dirac measure for
the singleton f0g), that in the tables will be denoted as 
T = 
T;0, and the
case of Bartlett kernel1 with bandwidth 
T = 4(T=100)1=4, which we will
denote as 
T = 
T;1=4. But for AR(1) data, we use a Bartlett kernel with
bandwidth 
T = 1:1447(1:7778T)1=3, which, according to Andrews (1991)
1The Bartlett kernel si dened by
k(x) =

1   jxj; for jxj  1;
0; otherwise:




We rst consider the size of the test. Panel (a) of Table 1 reports the
actual size of the tests for i.i.d. data and 
T = 
T;0 with nominal size set
to 5%. Both the RKPSS and the IKPSS have sizes very close to 0:05 for
any sample size and for any distribution considered. As de Jong et al.
(2007) noticed, the usual KPSS test is not robust to the Cauchy and local
to nite variance distributions: it rejects too seldom. Nonetheless, it is
reasonably robust to other fat tailed distributions, such as t3 and even t2.
This is surprising, since the assumption of nite variance needed to derive
the asymptotic distribution of the KPSS statistic is violated by the t2 .
[Table 1 about here.]
Panel (b) of the same table illustrates the actual sizes when the HAC
estimator of the long-run variance is used. In the i.i.d. case (with 
T =

T;1=4) the conclusions are similar to those for panel (a). For the AR(1) case
(with 
T = 
T;1=3) there is a clear tendency to over-reject, which for the
KPSS is compensated by the under-rejection in the Cauchy case. All the
tests seem to approach the nominal size as T grows, with the exception of the
KPSS under Cauchy distributed innovations, which tends to be undersized
in large samples.
In Tables 2 and 3 we report the power and the size-adjusted power of
the tests for the case 
n = 
n;1=4. Power and size-adjusted power will dier
non-trivially only in the cases in which we found size distortions in Table 1,
namely the Cauchy and local to nite variance.
We parameterize the unit root alternative in the same way as in
Kwiatkowski et al. (1992) and de Jong et al. (2007). That is, we gener-
ate the i.i.d. sequences f"tg and ftg from the same desired distribution and
compute the time series fxtg from
0 = 0; t = t 1 +
p
t; xt = t + "t;
where  is the signal-to-noise ratio, that measures the relative importance
of the random walk component.
The striking result emerging from these simulations is that the RKPSS
test behaves similarly to the KPSS under normality and similarly to the
IKPSS under Cauchy, while in all the other cases it shows higher power
than its competitors.
The same conclusion may be drawn by observing the gures in Table 4.
In this table, we report size-adjusted powers for the three tests with HAC-
estimated long-run variance. For the autoregressive cases, we generated
7sample paths from random-walk plus AR(1)-noise processes (i.e. "t is AR(1)
while t is i.i.d.). Again, the RKPSS test behaves very similarly to the best
between the KPSS and the IKPSS in the two extreme situations (normal
and Cauchy), while it achieves better power in virtually all intermediate
situations.
[Table 2 about here.]
[Table 3 about here.]
[Table 4 about here.]
4. Empirical example
In order to explore the dierent behaviours of the three tests (KPSS,
IKPSS and RKPSS) on real data, we consider time series that typically show
very heavy tails in their distributions: daily electricity prices. In particular
we take daily averages (excluding weekends) of the 24 hourly prices regis-
tered at three important European power exchanges: Powernext (France),
EEX (Germany) and APX (Netherlands). The time span we consider is Jan-
uary 1st, 2004 through June 25th, 2009, which amounts to 1431 weekday
observations.
As robustly shown by Bosco et al. (2009) the three series are non-
stationary. Indeed, all three tests we are considering reject the hypothesis
of short-memory stationarity at any usual level and reasonable bandwidth
(up to 
T = 12(T=100)1=3 for a Bartlett kernel, cf. Andrews 1991, equation
5.3 for the choice of the rate of divergence of 
T). Even though some (non-
robust) early works on electricity prices tended to consider them stationary,
the non-stationarity of electricity prices is not surprising, in fact, in the long
run, electricity prices are heavily dependent on oil and gas prices, and these
are known to be well approximated by integrated processes.
Instead, an interesting feature to test on European electricity prices is
whether their pairwise ratios are stationary, or stated alternatively, if pairs
of log-price time series are cointegrated with cointegrating space spanning
(1; 1). This condition, termed by De Vany and Walls (1999) as strong in-
tegration of electricity markets, is important for at least two aspects: rstly,
since the European Union introduced reforms to favour the creation of one
European market for electricity, nding strong integration would in some
way certify its success in this direction; secondly, since the degree of devel-
opment of purely nancial electricity derivatives markets may dier substan-
tially in each country, strong integration would allow investors in countries
8with less-developed nancial markets to hedge with instruments exchanged
in other countries.
Thus, we tested the hypothesis logpi   logpj  I(0), where i and j rep-
resent any two markets in our sample, using the KPSS, IKPSS and RKPSS
tests. Figure 1 shows the time series (left panels) and the test statistics as
functions of the bandwidth parameter ranging for 0 to 
T = 12(T=100)1=3
for a Bartlett kernel (right panels). The horizontal lines in the right panels
denote the three critical values common to the three tests. While there
is little doubt about the rejection of short-memory stationarity for the
pairs Netherlands-France and Netherlands-Germany, for Germany-France
the KPSS statistic is somewhat ambiguous. For bandwidths up to 10, it
rejects the null at any usual level. For bandwidths in the range 10-22, it
rejects at a 5% level, but not at 1%. For bandwidths larger than 22 it rejects
only at a 10% level. The IKPSS and RKPSS statistics always reject at 5%,
while at 1% they reject with bandwidths up to 20.
[Figure 1 about here.]
If we relay on Andrews's (1991) data-driven bandwidth selection method,
we get the results in Table 5, which conrm the rejection of the null for the
IKPSS and RKPSS statistic at any usual level, while the KPSS statistic
p-value lays in the 5% { 1% limbo.
[Table 5 about here.]
Thus, at 1% level the conclusions of the robust tests and the KPSS dier.
This may be due either to the fact that, under fat tailed processes, the KPSS
test is undersized or because of its lack of power, in particular when the signal
to noise ratio is low (cf. Table 2). The conjecture that the right decision is
that based on the RKPSS and IKPSS tests is conrmed by the application
of the tests to the extended time-span January 1st, 2002 - June 25th, 2009.
In this case all three tests reject the null of short-memory stationarity for
any choice of bandwidth up to 
T = 12(T=100)1=3.
Now, the visual inspection of the left panels of Figure 1 suggests some
kind mean-reversion behaviour of the three series, and this may seem con-
tradictory with respect to the results of the tests. But, even though we did
not consider the stationary long memory alternative in this paper, as Lee
and Schmidt (1996) prove for the KPSS and de Jong et al. (2007) conjecture
for the IKPSS, we expect the RKPSS to have power against long memory
alternatives. Indeed, some mixing property with exponential rate as in As-
sumption 1 is a necessary condition for proving the rst thesis of Theorem
1.
9[Figure 2 about here.]
Figure 2 allows the comparison of the sample autocorrelation function (ACF)
of the log-ratio of German and French electricity prices with those of an
ARMA(2;2) and an ARFIMA(2;0:22;2) process tted to the data2. There
is no doubt that the ACF implied by the ARFIMA model is a much better
approximation to the sample ACF than the one impled by the ARMA model.
The same conclusion can be drawn for the other two time series.
We applied the RKPSS test also to the same data used by de Jong et al.
(2007) (i.e. weekly log-returns of Wednesday quotations of exchange rates
for French Franc, German Mark, Japanese Yen, Canadian Dollar and British
Pound against US Dollar). The KPSS test never rejects the null for any time
series, the IKPSS rejects at a 5% level for the Canadian Dollar, the British
Pound and, with zero bandwidth, also for the Japanese Yen. Our RKPSS
test in this case leads to the same conclusions as the KPSS. Since in our
simulations our RKPSS has virtually always higher power than the IKPSS,
this fact is somewhat surprising and, at the moment, we have no conjectures
that may explain it.
5. Concluding remarks
In this paper we have proposed a rank KPSS test that, under the null
of short memory stationarity, has the same asymptotic distribution as the
well known KPSS, but does not require the existence of any moment of the
data generation process. The idea was inspired by the index KPSS test
of de Jong et al. (2007), but instead of applying the KPSS statistic to the
signs of median-centered data, we apply the same statistic to the ranks of
the original data. Our simulations show that our test has very good size for
samples as small as 50 observations, and in terms of power has a very similar
behaviour to the KPSS under Gaussianity and to the IKPSS under extremely
fat-tailed distributions, while it outperforms both tests under intermediate
tail thicknesses.
At the moment we could only provide the asymptotic theory for a level
stationarity test, but our conjecture (supported by a battery of simulations)
is that by computing the KPSS statistic on the ranks of ZT;t = XT;t   ~ t,
where






2The models were estimated using the Ox package ARFIMA by Doornik and Ooms
(2006) (see also Doornik and Ooms, 2004) with the maximum likelihood option.
10is the Theil-Sen estimator (Theil, 1950; Sen, 1968) of the regression coef-
cient of XT;t on a linear trend, the test follows the same asymptotic dis-
tribution under the null of trend-stationarity as the classic KPSS on OLS-
detrended data.
A further line of research should cover alternative choices of rank-based
transformations (scores) of the type used for linear rank statistics, such as







with  1 standard normal quantile function. Working on Van der Waerden
type should guarantee i) the same power as the KPSS under Gaussianity
in large samples, ii) the same asymptotic distribution as the KPSS, but
derived under weaker assumptions (nite moments not required), iii) higher
robustness to fat tailed distributions.
Appendix. Proofs







































































































































= AT + BT + RT; (16)
where AT, BT and RT are just names for the lines, respectively, (13), (14)
and (15) above.
Let us now consider a sequence of stochastic processes fW
Tg =
fW









0  t  T: (17)
Let fWg = fW
T(x;r);x 2 R;r 2 [0;1]g be a Gaussian (Kiefer) process
with EW(x;r) = 0, 8x;r, and
E[W(x;r)W(y;s)] = min(r;s)(x;y) (18)
where




E[IfXT;1xgIfXT;kyg + IfXT;kxgIfXT;1yg   2F(x)F(y)];
(19)
exists nite for every x and y by Assumption 1.
Now, we need the following result due to Sen (1974, Theorem 2.2) and
further generalized by Yoshihara (1978).
Let fXT;i;i;T 2 N;i  Tg be a stationary -mixing sequence
of random variables with continuous distribution F(), dened on
R, and (T) = O(T 2) as T increases, then for T ! 1
W
T
D   ! W:





























Finally, by (18) and (19), we note that W0
T is an integrated stochastic














D   ! W (25)
where W is a standard Brownian motion on [0;1].








for every r 2 [0;1], so that
T(r)
D   ! V (r) (27)
where V is a standard Brownian bridge. So, by applying the continuous
mapping theorem, the rst statement of Theorem 1 follows:
R
T




Now we have to prove that the variance in the equation (9) of the theorem
coincides with the one dened above in equation (24). First, notice that
(x;y) may be restated as
(x;y) = [F(x ^ y)   F(x)F(y)] + 2
1 X
k=2
[F1;k(x;y)   F(x)F(y)]; (28)
where F1;k denotes the joint distribution function of the pair (XT;1;XT;k).
We shall prove the identity of the following two expressions:
Z Z






























14It is straightforward to show using uniform random variables arguments that
the rst summand in the sums (29) and (30) equals 1/12.













which, by computing the products and writing expectations as integrals,











Now, by setting u = F(x), v = F(y), the integrals on both sides of the equal















is the copula function relative to
the bivariate distribution F1;k, with both marginals equal to F. The exis-
tence and uniqueness of C1;k(u;v) are guaranteed by Sklar's theorem and
the continuity of F (Nelsen, 1998, Theorem 2.3.3 and Corollary 2.3.7).




















where 1;k is the population version of Spearman's rank correlation coe-
































































that is, j~ 2
T   ^ 2
Tj
p
  ! 0. Indeed, expression (32) denotes a kernel estima-
tor for the long run variance of the array of -mixing random variables
fF(XT;1);:::;F(XT;T)g, that in view of the results of de Jong and David-
son (2000) is consistent for 2 as in equation (30).
Now, dene FT(r) = FT(r)   F(r), which by weak convergence results
for empirical processes of -mixing sequences is Op(T 1=2) (Theorems 22.1
and 22.2 in Billingsley, 1968; Sen, 1971).
Of course, it makes no dierence in the limit if in equation (31) we






































































So, for completing the proof it suces to show that the limit in probability




































2 = Op(T 1). The second and the third last lines are











































as T diverges, this completes the proof.

Proof of Theorem 2. Let us consider the limit behaviour of ranks under













The result of last line is a straightforward application of a weakened version
of the continuous mapping theorem to functions with discontinuities of null
measure with respect to the limit measure (Billingsley, 1968, Theorems 5.1
and 5.2). This result can be found also in Breitung and Gouri eroux (1997),
who also derive some properties of the process R(r), that can be seen as the
occupation time of the set (1;W(r)] by the Brownian motion W().
Repeated applications of the continuous mapping theorem yield the rst
result in the theorem. Indeed, recall that ST;t := T 1 Pt
i=1[RT;i (T +1)=2]























The second thesis in the theorem follows straightforwardly from the fact
that 0 < RT;t=T  1 and the cross-products in the HAC estimator (5) are
all equal or smaller than 1.

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27Table 5: Stationarity tests with bandwidth parameter 
T chosen as in Andrews (1991).
Critical values: 10%, 0.347, 5% 0.463, 1% 0.739
KPSS IKPSS RKPSS

T ^ T 
T ^ T 
T ^ T
Germany - France 12 0.697 5 1.540 9 1.218
Netherlands - France 17 1.550 17 2.914 20 2.047
Netherlands - Germany 10 1.173 7 1.496 9 1.597
28